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Abstract: We examine the interrelation between the (2,0) supersymmetric six dimensional effective
action for the A1 theory, and the corresponding low-energy theory for the collective coordinates associated
to selfdual BPS strings. We argue that this low energy theory is a two-dimensional N = 4 supersymmetric
sigma model.
1 Introduction
We do not have a microscopic understanding of the interacting (2, 0) supersymmetric quantum theories
in six dimensions, although many years now have passed since they where first discovered by Witten
in 1995 [1]. But whatever the microscopic theory is, we may always consider the low-energy effective
action obtained by integrating out all massive degrees of freedom, provided that we have given a non-zero
vacuum expectation value to say the fifth scalar field in the (2, 0)-supermultiplet, so that the selfdual
strings and all other subtle degrees of freedom become massive. We will in this letter only consider the
A1 effective theory in which we have just one (2, 0)-supermultiplet, which on-shell consists of a selfdual
two-form gauge potential B+ with selfdual field strength H+ = dB+, five scalars φa, and a symplectic
Majorana spinor ψ (we do not know the off-shell multiplet if any such exists).
The low energy dynamics of supersymmetric magnetic monopoles in superYang-Mills theories has
been derived in [5] for N = 2 SYM and in [6] for N = 4 SYM. A natural next step would be to examine
the low energy dynamics of supersymmetric selfdual string solitons in the (2, 0) supersymmetric theories
in six dimensions. So far we have not derived the fully supersymmetric effective action for the A1 theory.
But already the terms we know should be in that action can be used to derive a formula for the moduli
space metric (which requires only the kinetic terms in the effective action) and to derive that the moduli
space must be a hyper-Kahler manifold.
The microscopic theory is of course far out of reach at present, contrary to the situation for superYang-
Mills theories. We know that for instance the hedgehog monopole solutions in SU(2) gauge theory can be
gauge transformed so that only the massless scalar field is non-zero. The analogue in six dimensions to the
fields that have acquired mass due to the non-zero vacuum expectation value of the Higgs scalar are not
known. We think that they correspond to the selfdual strings, but we have no microscopic understanding
of these objects. But in analogy with the four-dimensional case we will make the assumption that there
is a ’gauge’ in which the massive degrees of freedom (whatever they are) are zero and the string soliton
solutions are entirely described in terms of a massless fields. We may use the SO(5) R-symmetry to put
φA = 0 (A = 1, 2, 3, 4). Then for any 12 -BPS configuration we have the Bogomolnyi equation H = ∗dφ
5
for the spatial components of H and where ∗ is with respect to the transverse space to the string world-
sheets. These results should hold in any interacting theory that possesses linear (2,0) supersymmetry as
explained in [7].
2 Effective action and collective coordinates
We will assume that we have flat six-dimensional Minkowski space and linear (2, 0) supersymmetry. To
construct a Hamiltonian invariant under this supersymmetry we can anti-commute two supercharges
given by
Q =
1
6
∫
d5xγMNP γ0HMNPψ + 2
∫
d5xγMγ0σa∂Mφ
aψ. (1)
Here γM and σa denote gamma matrices of SO(1, 5) and SO(5)R respectively and H = dB + A. If we
take A to be an external field we will get the free theory in which only the selfdual part of H couples to
A. To get the interacting A1 theory we take A = A(φ) to be a function of the five scalars. This will bring
in a new term in the anticommutator of two supercharges, arising from the commutator [A(φ), φ˙]. We
will content ourselves with construcing an action that is classically supersymmetric. Then commutators
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mean Poisson brackets and [A, φ˙] ∼ ∂A(φ)
∂φ
. We take the gauge potential as in [7]1
A(φ)MNP =
π(φ5 − 2|φ|)
2V4|φ|3(φ5 − |φ|)2
ǫABCDφ
A∂Mφ
B∂Nφ
C∂Pφ
D (2)
Here |φ| := (φaφa)
1
2 and A,B, ... = 1, 2, 3, 4. V4 =
8π2
3 . Carrying out the above construction we get the
following supersymmetric A1 effective action (after a Legendre transformation of the Hamiltonian),
1
2π
∫ (
−
1
2
H ∧ ∗H − dφa ∧ ∗dφa +H ∧ A(φ)
+iψT cΩγM∂Mψ +
2π
6V4
iψT cΩǫabcde
1
|φ|5
φa∂Mφ
b∂Nφ
c∂Pφ
dγMNPσeψ + ...
)
. (3)
We have written +... for terms involving four and more fermions, as well as terms that we have to add
in order to achive invariance under A → A + dΛ, B → B − Λ. In particular we must add the term
−A˜ where dA˜ = ∗dA− A ∧ dA [2]. This term should then also be supersymmetrized. But the action is
still supersymmetric if we skip the terms in +.... This action is also invariant under the Lorentz group
SO(1, 5) and under a global R-symmetry group SO(5)R. To make the SO(5)R symmetry manifest we
must make an integration by parts to get B∧dA(φ). The spinors transform in (4, 4) of SO(1, 5)×SO(5)R
and are constrained by a symplectic Majorana condition
ψ¯ = ψT cΩ (4)
where ψ¯ := ψ†γ0 and where c and Ω are charge conjugation matrices of SO(1, 5) and SO(5) respectively.
We choose the conventions so that γM
T
= −cγMc−1 and σa
T = ΩσaΩ
−1.
The moduli spaces we will consider are those of k = 1, 2, ... parallel BPS saturated selfdual strings.
These moduli spaces should be given by Mk × R
4 where the center of mass moduli space is R4 and
corresponds to the four transverse directions to the (center of mass of the) strings. It seems very plausible
that the dimension of the moduli space is 4k (corresponding, in the classical picture of widely separated
strings, to the four transverse coordinates of each string). But to prove this one has to count e.g the
number of fermionic zero modes in a configuration with total charge 2πk. Parallel BPS-saturated strings
are necessarily straight. To describe their motion tangent the moduli space we thus need just one
parameter, which we will take to be the time-coordinate. But the generic string configuration is not a
BPS configuration, and to describe such a configuration we also need a parameter running along the
strings, which we take to be x5. The tangent space to a BPS string configuration should thus be a two
dimensional plane in the configuration space of all physically permitted configurations. This should be
the natural generalization of [3]. If we let X i (i = 1, ..., dimMk) denote the bosonic moduli parameters
on Mk and assume that the BPS strings are aligned in the x
5 direction, then we make the following
expansions,
φa(x0, ..., x5) = φa(x1, ..., x4, X i(x0, x5)) + ...
BMN (x
0, ..., x5) = BMN (x
1, ..., x4, X i(x0, x5)) + ... (5)
for the bosonic fields. Here φ(x1, ..., x4, X i) are the static BPS solutions, which we assumed could be
parametrized by X i. The +... involve terms that has to be added in order to satisfy the equations of
motion to higher orders in n = n∂t +nf , where n∂t are the number of time derivatives and nf the number
1This gauge potential A will get corrections if the five branes are not embedded as flat parallel planes in eleven dimensional
space-time.
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of fermions, following the logic of [4]. When we let the moduli parameters depend on x0, x5, they will
be called collective coordinates. We will use the indices µ, ν, ... = 0, 5 for the string world-sheets, and
I = 1, 2, 3, 4 for the transverse coordinates.
For a single string, k = 1, the fermionic zero modes corresponds to broken supersymmetries u− which
are constant spinors such that γ05σ5u± = ±u±. The zero modes are given by
ψ0 = γ
I∂Iφ
5u−. (6)
That these really are zero modes is justified in the appendix. We could promote the moduli u− to
fermionic collective coordinates u− just by letting them depend on x
0, x5 and expand the fermion field
as
ψ = γI∂Iφ
5(xI , XI(x0, x5))u−(x
0, x5). (7)
However we want to label the fermionic and the bosonic collective coordinates with the same label. That
is, for k = 1 we want to convert u− into λ
I . u− transforms in the representation (−
1
2 , 2, 2
′)⊕ (+ 12 , 2
′, 2)
of SO(1, 1)×SO(4)×SO(4)R. We may find one such u− such that λ
I := σ5γIu− constitute four linearly
independent spinors. These will be four two-component Majorana spinors under SO(1, 1). But we may
choose other representations for the SO(4) gamma matrices. If we transform γI → γJJJ
I then the
Clifford algerbra is preserved if and only if JI
I′JJ
J′δI′J′ = δIJ . Demanding J to have real entries (which
is needed in order to preserve the hermiticity property of the gamma matrices) we find that J is a unit
quaternion. We thus have the freedom to make the redefinition λI → λJJJ
I of the collective coordinates.
For a general k we make the following ansatz for the collective coordinates,
ψ(xM ) = ∂iφ
5(xI , X i(x0, x5))σ5λi(x0, x5) (8)
or with λi replaced by Jj
iλj where Ji
j is the quarternion induced by JI
J .
Only for widely separated strings do we have the interpretation of X i as being four transverse co-
ordinates of k solitonic strings. We have no proof that ψ given above for λ a constant spinor is a zero
mode other than for widely separated strings (with a separation much larger than φ5(∞)−
1
2 ). But, as
we will see in the next section, if we make this ansatz we get for instance a covariant derivative of λ in
the low-energy action just as one should expect. It seems very unlikely that there could be any other
ansatz that also would give that result. The ansatz we make combines bosonic and fermionic zero modes
in such a simple and natural way that it would be surprising if this formula did not give a fermionic zero
mode for constant λ in any point in the moduli space. So this is what we will assume, and we will get no
contradionary result when we assume this, which strenghtens our belief that the ansatz for the fermionic
collective coordinates is correct, not only for well separated strings but everywhere in the moduli space.
3 Low energy dynamics
We get the action for the collective coordinates by expanding the fields about the BPS configuration,
inserting this expansion into the 6d Wilsonian low-energy effective action (3) and integrating over the
transverse coordinates.
When inserting any on-shell solution, H becomes self-dual and hence H ∧ ∗H = 0. Inserting the
static field configuration we get A0MN = 0. Then we use the equation of motion dH = dA to get
4
∫
H ∧ A =
∫
R2×R+
H
∫
S3
A =
∫
R2×R+
∗H
∫
S3
H =
∫
dφ5 ∧ dx0 ∧ dx5
∫
S3
H =
∫
dx0dx5
∫
dφ5 ∧ H =∫
dx0dx5QD where Q = 2πk and D = φ5(∞). Similarly we get, using the Bogomolnyi equation, that∫
R4
dφ5 ∧ ∗4dφ
5 =
∫
dφ5 ∧H . The total tension of the strings is 2QD with our conventions. Finally the
two-fermion interaction term vanishes due to a factor γI
∫
d4xxI = 0. Using these results when inserting
the collective coordinate expansions into (3), we get the action
1
2π
∫
dx0dx5
(
Gij
(
{Xk}
)(
ηµν∂µX
i∂νX
j + iλi
T
cΩγµDµλ
j
)
− 4πkD + ...
)
(9)
where
Gij =
∫
d4x∂iφ
5∂jφ
5 (10)
is the metric on the moduli space and
Dµλ
i = ∂µλ
i + Γikl∂µX
kλl (11)
where
Γijk = G
il
∫
d4x(∂j∂kφ
5)∂lφ
5. (12)
It is easily seen that Γijk is the Christoffel symbol associated with the metric Gij , so Dµ is a covariant
derivative. The terms in +... in (9) arise from those in +... in (3) and (5).
To get this metric we relied on the assumption that all the massive degrees of freedom can be put
to zero in any string soliton solution. We think this is a plausible assumption given the analogy with
the situation for the t’Hooft monopole in four dimensions where one can find a gauge in which only the
massless scalar field is non-zero. The string solution we constructed in [7] also confirms that this is a valid
assumption. A problem is that it is not sufficient that this assumption is valid only at far distances from
the strings, since we integrated over the entire tranverse space to the strings to get the metric above. So
what happens close to the strings can not be ignored. Furthermore the form of the metric would not
cease to hold just because to strings happened to be close to each other since, as we already have said,
the ansatz we made for the collective coordinates we make everywhere on the moduli space. Either the
assumption we have made about the possibility of ’gauging’ all the massive degrees of freedom to zero
is correct everywhere, and then the metric is given by (10) everywhere on the moduli space. Or else it
is wrong (incomplete) everywhere on the moduli space, and should be completed by adding some subtle
degree of freedom that have become massive upon Higgsing. But as we get both a consistent low-energy
theory (at least as far as we could go) as well as supersymmetry variations (to be shown in a moment)
by assuming the form of the metric above, we feel quite confident that the metric on the moduli space is
indeed given by (10) and that this formula is valid everywhere on the moduli space.
The unbroken supersymmetry ǫ+ relates the bosonic and fermionic collective coordinates. The bosonic
zero modes may be obtained by an unbroken supersymmetry variation as
δφa = ǫT+cΩσ
aψ0
= ǫT+cΩσ
aσ5λi∂iφ
5. (13)
Expanding δφa = (δX i)∂iφ
a, we see that in a BPS configuration where ∂iφ
A = 0 the right hand side
must also vanish. Indeed it does identically (which can be seen by inserting γ05σ5 and first let it act on
λi− and then on ǫ+). Taking a = 5 we see that the bosonic collective coordiniates X
i are related to the
fermionic collective coordinates λi as
δǫX
i = ǫT+cΩλ
i. (14)
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Similarly, by inserting the expansions
φ = φ(X = const) + δX i∂iφ(X = const) +Ordo((δX)
2)
B = B(X = const) + δX i∂iB(X = const) +Ordo((δX)
2) (15)
into the (unbroken) supersymmetry variation
δǫψ = −i
(
1
24
γMNPH+MNP +
1
2
γMσa∂Mφ
a
)
ǫ+ (16)
and using that in the BPS configuration (that is for the fields at X = const) this variation vanishes, we
get only a contribution from term involving derivatives of δX i. To first order this is
δǫψ = −iγ
µσa(∂µX
i)∂iφ
aǫ+. (17)
Noting that ∂iφ
A = 0, we get
δǫ(∂iφ
5λi) = −iγµ∂µX
i∂iφ
5ǫ+. (18)
Multiplying by ∂jφ
5 and integrating over the transverse coordinates xi we get, using (10),
δǫλ
i = −iγµ∂µX
iǫ+ − Γ
i
jkδǫX
kλj . (19)
The 2d spinors are two-component Majorana spinors. These are the supersymmetries of a non-linear
sigma model. The SO(4)×SO(4)R spinor indices on ǫ and λ
i are always trivially contracted and we can
forget about them from the two-dimensional point of view.
We have four supersymmetries obtained by substituting Jj
iλj for λi. So the 2d action should be the
N = 4 supersymmetric sigma model. As shown in [8] the quaternions Ji
j comprise the three complex
structures of a hyper-Kahler manifold. So we conclude that the moduli space Mk is a hyper-Kahler
manifold.
We know that the N = 4 supersymmetric sigma model [8] contains an additional term which is
proportional to
Rijklλ¯
iλkλ¯jλl = 2
(
∂[j∂[kGi]l] +GmnΓ
m
k[iΓ
n
j]l
)
λ¯iλkλ¯jλl
= 2
(∫
∂k∂[iφ
5∂j]∂lφ
5 +Gpq
∫
d4x∂pφ
5∂k∂[iφ
5
∫
d4y∂qφ
5∂j]∂lφ
5
)
λ¯iλkλ¯jλl
= 4
∫
∂k∂[iφ
5∂j]∂lφ
5λ¯iλkλ¯jλl + ... (20)
where in the last step we have used the completeness and orthonormality conditions of the modes to
rewrite the second term. To get this term we would need the 6d effective action up to four-fermion
interactions (which we do not have yet). This could presumably be done easier once a superfield formalism
has been developed for the tensor multiplet.
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A Fermionic zero modes
The equations of motion for the fermions associated to a string solitons aligned in the 5-direction read
(I = 1, 2, 3, 4)
γI∂Iψ = −
2π
6V4
1
r5
ǫIJKLǫabcdeφ
a∂Iφ
b∂Jφ
c∂Kφ
dσeγ05γLψ (21)
where will let ρ =
√
φAφA (A = 1, ..., 4) and r =
√
ρ2 + (φ5)2.
For k = 1 the map xA 7→ φA has winding number one, and φA = ρ(R)x
A
R
. We can then write the
equation of motion as
γI∂Iψ =
2π
V4
(
ρ4
r5
xI
R4
γIγ
05σ5 + ...
)
ψ (22)
Here +... are terms proportional to γAγ
05σAψ and to xAγ
05σAψ.
Inserting that ψ± = γ
I∂Iφ
5u± where the BPS solution ([7]) is given by φ
5 = (D − |Q|2V3R2 )θ(R − R0)
with Q = 2π and R0 =
√
|Q|/(2V3D), we get the l.h.s.
γJ∂J (γ
I∂Iφ
5u±) = (∂
I∂Iφ
5)u± =
|Q|
V3R0
3 δ(R−R0)u± (23)
To compute the r.h.s. we need the following results,
lim
ρ→0
ρ4
r5
=
4
3
δ(φ5)
δ(φ5) =
δ(R−R0)
dφ5
dR
(R0)
=
V3R0
3
|Q|
δ(R−R0) (24)
The terms +... should combine into something that is proportional to δ′(φ5)φ5+δ(φ5) =
(
δ(φ5)φ5
)′
(with
′ denoting d/dφ5) and thus vanishes identically. We then get the r.h.s.
−
2π
V4
ρ4
r5
xI
R
γIγ
05σ5ψ± = ∓
2π
V4
4
3
δ(φ5)
xI
R4
γIψ±
= ∓
|Q|
V3R0
3 δ(R −R0)u± (25)
The r.h.s. is then equal to the l.h.s. only for the choice u−. These are thus fermionic moduli for k = 1.
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